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Non Parallelism of Rii tensor of
Pseudo-ylindri Metris
A. Raouf Chouikha
Abstrat
We desrive examples of metris in the onformal lass [g] on om-
plete onformally at Riemannian manifolds (M,g]. These metris
have a onstant salar urvature and an harmoni urvature with non
parallel Rii tensor.
1
1 Introdution
It is wellknown that the lass P of ompat Riemannian manifolds with
parallel Rii tensor is inluded in the lass C of manifolds with onstant
salar urvature.
Let H the lass of suh manifolds with harmoni urvature. The following
inlusion holds
P ⊂ H.
Moreover, this inlusion is strit as Riemannian metris given by A.
Derdzinski [B℄, [D℄ and A. Gray [G℄.
In other words, there exist metris with harmoni urvature and Rii tensor
non parallel. But examples of suh metris are very few.
Consider a Yamabe metri g0 on a n-dimensional Riemannian manifold
(M, g). That means there is a C∞ positive funtion u satisfying a dieren-
tial equation suh that g0 = u
4
n−2 g, so that its salar urvature is onstant.
We are interested on the following problem:
When an g0 have a harmoni urvature and non parallel Rii tensor ?
1
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This onerns speially the onformally at manifolds.
Let us onsider the Riemannian ylindri produt (S1×Sn−1, dt2+ dξ2),
where S1 is the irle of length T and (Sn−1, dξ2) is the standard sphere.
This metri is known to have a parallel Rii urvature tensor . Further-
more, the number of Yamabe metris is nite in the onformal lass of the
Riemannian produt metri [dt2 + dξ2], [Ch℄, [M-P℄ .
We all a pseudo-ylindri metri any non trivial metri of the onformal
lass.
We also onsider the manifold M = Sn − Λk, where Λk is a nite point-set
of the standard sphere (Sn, dξ2).
We show that unless the trivial ones, all the pseudo-ylindri metris in
the onformal lass [dt2 + dξ2] as well as the Yamabe metri of (M, dξ2)
belong H but not belong P,
2 The Derdzinski metris and the harmoni ur-
vature
Let us onsider a ompat Riemannian manifold (M, g) , R is the urvature
assoiated to the metri g , r = Ric(g) is its Rii tensor, and D is
the Riemannian onnexion. We denote by δR its formal divergene. This
urvature is harmoni if δR = 0. Aording to the seond Bianhi identity
δR = −d(Ric(g));
we an express it in loal oordinates DkRij = DiRkj. In this ase, Ric(g)
is a Codazzi tensor . In partiular, any Riemannian manifold with Rii
parallel tensor Dr = 0 (i.e. DiRkj = 0 ) has an harmoni urvature.
Indeed, the Levi-Civita onnexion D is a Yang-Mills onnexion on the
tangent bundle of M . In this way, the onnexion D is a ritial point of
the Yang-Mills funtional
YM(∇) = ∞∈
∫
M
||R∇||⌈⊑,
where R∇ is the urvature assoiated to the onnexion ∇ . Notie that
the Riemannian urvature must be harmoni for all Einstein manifolds and
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for all onformally at manifolds with onstant salar urvature; this result
an be dedued from the orthogonal deomposition of the urvature tensor.
Moreover, the ondition of the urvature harmoniity is, in a way , a general-
isation of the Einstein ondition of the metri ( Ric(g) is a onstant multiple
of g : Ric(g)− R
n
g = 0 ). In partiular, this fat shows that every Einstein
metri must have a parallel Rii tensor Dr = 0. In general, the latter
property fails for a onformally at metri with onstant salar urvature, as
we shall see below. However, in the 3-dimensional ase, we get an identity
between harmoni urvature metris and onformally at metris with on-
stant salar urvature.
Moreover, One asked about the existene of ompat metri with harmoni
urvature and non parallel Rii urvature, as it was wellknown in the non
ompat ase.
As response, Derdzinski has given examples of suh metris with Dr 6= 0
, [De℄. The orresponding manifolds are bundles with bres N over the
irle S1 (parametrized by ar length t ) with allowed warped metris
dt2 + h4/n(t)g0 on the produt S
1 × N . Here, (N, g0) is an Einstein
manifold of dimension n ≥ 3, and the funtion h(t) on the prime fator is
a periodi solution of the ODE, established by Derdzinski
h′′ − nR
4(n− 1)h
1−4/n = −n
4
Ch for some onstant C > 0. (1)
This funtion must be non onstant, otherwise the orresponding metri
has a parallel Rii tensor.
Notie that the manifolds S1 × N are not onformally at, unless (N, g0)
has onstant setional urvature. In fat, under the hypothesis of non neg-
ative setional urvature on a ompat Riemannian manifold with harmoni
urvature, the Rii tensor is always parallel .
3 Curvature property of the pseudo-ylindri
metris
Let (Sn, dξ2) be the standard sphere with radius 1 . Consider metris of the
onformal lass g ∈ [dξ2] on the domain Sn − Λk, where Λk is a nite
point-set of Sn.
We are interested on the omplete metris g onformal to dξ2 with (posi-
3
tive) onstant salar urvature R(g) .
For k = 2, there is a onformal dieomorphism between Sn − {p1, p2}
and (S1×Sn−1, dt2+ dξ2), where S1 is the irle of length T . The Yamabe
metris on (S1×Sn−1, dt2+dξ2), are alled pseudo-ylindri metris. There
are metris of the form g = u
4
n−1 (dt2 + dξ2) the C∞ funtion u is a non
onstant positive solution of the Yamabe equation, [Ch℄.
Furthermore, Derdzinski established a lassiation of the ompat n-
dimensional Riemannian manifolds (Mn, g), n ≥ 3, with harmoni ur-
vature. If the Rii tensor Ric(g) is not parallel and has less than three
distint eigenvalues at eah point, then (M, g) is overed isometrially by a
manifold
(S1(T )×N, dt2 + h4/n(t)g0),
where the non onstant positive periodi solutions h verify the equation
(1). Here (N, g0) is a (n-1)- dimensional Einstein manifold with positive
(onstant) salar urvature.
We get the following result, whih gives another metri sharing this urvature
property.
Theorem 1 Consider the produt manifold (S1(T ) × Sn−1, g),
g = dt2 + dξ2 where (S1, dt2) is the irle of length T and (Sn−1, dξ2)
is the standard sphere with radius 1. Under the ondition
T > T1 =
2pi√
n− 2 ,
on the irle length, the Riemannian urvatures of the assoiated pseudo-
ylindri metris gc = uc
4
n−2 g are harmoni and their Rii tensors are non
parallel.
Moreover, any pseudo-ylindri metri may be identied to a Derdzinski met-
ri up to a onformal transformation.
3.1 Proof of Theorem 1
The loal oordonates are (x0, x1, ...., xn−1), and x0 = t is the oordinate
orresponding to the irle fator S1. We an write any metri tensor
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in the onformal lass [g0] : g¯ = u
4
n−2 g, where the C∞ funtion u is
dened on the irle. Then we obtain the expressions in the loal oordonates
system
g¯00 = u
4
n−2 , g¯0i = 0, g¯ij = u
4
n−2 (g0)ij ,
where i, j = 1, 2, ..., n− 1.
We get the Christoel symbols Γ¯ijk assoiated to the metri g¯.
Γ¯0jk = −
2
n− 2
u′
u
g¯jk, Γ¯
i
j0 =
2
n− 2
u′
u
δ¯ij , Γ¯
0
00 =
2
n− 2
u′
u
and Γ¯i00 = 0
The Rii tensor omponents are
R¯ij = Rij − 2∇iju
u
+
2n
n− 2
∇iu∇ju
u2
− 2
n− 2
| ∇u |2 +u∆u
u2
gij.
We have
R¯0i = 0, R¯00 = 2n− 1
n− 2[
u′′
u
+
u′2
u2
].
The assoiated salar urvatures are
R(g0) = (n− 1)(n− 2) and R¯(u
4
n−2 g0) = n(n− 1).
Let D denotes the riemannian onnexion assoiated to the metri g .
Sine u should be a non onstant periodi funtion , a trivial alulus gives
D0R¯00 = dR¯00
dt
6= 0.
The Rii urvature of the pseudo-ylindri metris is not parallel, exept
for the ylindri one.
Return now to the Derdzinski metris desrived above. We remark that,
only in the loally onformally at
ase of this produt, the fator N may be identied with the standard
sphere Sn−1 . Hene, these metris must be onformally at and will be
onformal to the ylindri metri, as S.T. Yau [Y℄ has shown
Lemma 1
Any warped metri dt2 + f 2(t)g0 on the produt Riemannian manifold
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(S1(T )× Sn−1, dt2 + g0) must be onformally at and onformal to a Rie-
mannian metri produt dθ2 + dξ2 where θ is a S1-parametrisation with
length
∫
S1
dt
f(t)
.
Thus, any Derdzinski metri may be identied with a pseudo-ylindri
metri up to onformal dieomorphism, let F . Then the metris are relied
dt2 + f 2(t)dξ2 = F ∗(ujc
4
n−2 (dt2 + dξ2)),
where ujc are the Yamabe solutions belonging to the (same) onformal lass.
Indeed, for the metri dt2 + f 2(t)dξ2 we an write
dt2 + f 2(t)dξ2 = f 2(t)[(
dt
f
)2 + dξ2].
After a hange of variables and by using the onformal atness of the
produt metri, we get
dt2 + f 2(t)g0 = φ
2(θ)[dθ2 + dξ2]
whih is onformally at.
To see that, it suies to remark that any manifold arying a warped metri
produt (S1 × N, dt2 + h4/n(t)g0) with harmoni urvature is not on-
formally at unless (N, g0) is a spae of onstant urvature. This manifold
must be loally onformally equivalent to the trivial produt S1 ×N.
This produt will be onformally at only if N has onstant setional ur-
vature.
3.2 Remark onerning the parallelism of the Rii ten-
sor
Parallelism property of the Rii tensor have an interest partiularly for the
onformally atness ase. Indeed, onsider any Riemannian manifold (M, g)
with a parallel Rii tensor. This implies in partiular, that its Weyl tensor
is harmoni: δW = 0 (in loal oordonates DkW
h
ijk = 0). For a metri
g˜ in the onformal lass and with harmoni Weyl tensor [g] : g˜ = e2ρg, we
get the following equality
δ˜W˜ = δW − 1
2
(n− 3)W (∇ρ, ., ., .).
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Sine, the orresponding Rii tensor is parallel, we then obtain in loal
oordonates
(n− 3)W lijkDlρ = 0.
Thus, when (M, g) is not onformally at, then ρ = 0 neessarily (see
"The Rii alulus" of Shouten).
4 Rii tensor of the asymptoti pseudo-ylindri
metris
In this setion we onsider singular Yamabe metris on the manifold M =
Sn − Λk where k > 2. These metri are omplete and have a (positive)
onstant salar urvature. Whih property must it have their Rii tensor ?
We onsider for that the estimate of the positive solutions u(t, ξ) , on the
ylinder of the equation
4
n− 1
n− 2∆g0u+R(g0)u−R(g)u
n+2
n−2 = 0,
g = u
4
n−2 g0 complete on S
n − Λk and R(g) = constant > 0 .
By using a reetion argument, it is known [M-P℄ that any solution u(x) of
the above equation , with a singularity at p , is asymptoti to one of the
pseudo-ylindri funtions near the point p . In fat, any suh solution u(x)
orresponds to a solution u(t, ξ) on a domain of IR × Sn−1 .
Moreover, the orresponding pseudo-ylindri metri is unique.
Let g¯ = [u(t, ξ)]
4
n−2 g0 be a Yamabe metri onformal to the standard
metri and uj,lc(t) be the pseudo-ylindri solution at a point pl ∈ Λk. The
index j is orresponding to one solution having period T .
More preisely, we have the following .
Lemma 2
As t→∞ we get the following estimate of the Yamabe solution on Sn−Λk
near the point pl
u(t, ξ) = uj,lc(t) + u
j,l
c(t)O(e−βt) ,
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where uj,lc(t) is the orresponding pseudo-ylindri solution and β is a pos-
itive onstant.
In the other words, this solution u(t, ξ) , asymptotially losed to a
pseudo-ylindri funtion ujc(t), around a singular point pl, an be writ-
ten as t→∞
u(t, ξ) = ujc(t) + e
−αtv(t, ξ), (2)
where α is a positive onstant, only depending on the ylindri bound and
v(t, ξ) is bounded.
So, the orresponding metris on Sn − Λk are omplete and asymptoti
at eah singular point to a (unique) pseudo-ylindri metri.
Thus, we may estimate the Yamabe metris on the manifold Sn − Λk,
where Λk is a nite point-set of the standard sphere (S
n, g0). A Yamabe
metri g¯ on Sn − Λk onformal to the standard one then is asymptoti to
a (unique) pseudo-ylindri metri g around a singular point pl.
We get the following result
Theorem 2
Any omplete metri g¯ of positive onstant salar urvature whih is on-
formal to the standard metri g0 on the manifold S
n − Λk , where
Λk = {p1, p2, ..., pk} k > 2, has a harmoni urvature and non parallel
Rii tensor, exept for the standard one.
4.1 Proof of theorem 2
We use the asymptoti property of these metris (Lemma 2). In partiular,
we get
u(t, ξ) = ujc(t) + e
−αtv(t, ξ).
Notie that, this manifold (Sn − Λk, g¯) is loally onformally at. The
ondition of onstant salar urvature implies that its Riemannian urvature
is harmoni. We get the onverse only for the dimension n = 3 .
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We proeed as in the proof of Theorem 1. Consider a loal hart (t, ξ)
of a point in Sn − Λk , here t = x0 and ξ = (x1, x2, ..., xn−1) .
In this loal
oordonates system, we obtain the omponents of the tensor metri
g¯00 = u
4
n−2 , g¯0i = 0 , g¯ij = u
4
n−2 (g0)ij .
Then we get omponents of the Rii tensor
R¯0i = −2∇i0u
u
+
2n
n− 2
1
u2
∂u
∂xi
∂u
∂t
,
R¯00 = 2n− 1
n− 2[
1
u
∂2u
∂t2
+
1
u2
(
∂u
∂t
)2].
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